Abstract. In this paper, we study strong convergence theorems for a generalized three-step iterative scheme with errors to approximate common fixed points of three asymptotically quasi-nonexpansive mappings in real Banach spaces. 
Introduction and preliminaries
Let C be a nonempty subset of a real Banach space E. A mapping T : C → C is called uniformly L-Lipschitzian if there exists a positive constant L such that T n x − T n y ≤ L x − y , for all x, y ∈ C and for all n ≥ 1.
A mapping T : C → C is said to be asymptotically nonexpansive if there exists a sequence {k n } ⊂ [0, ∞) with lim n→∞ k n = 0 such that T n x − T n y ≤ (1 + k n ) x − y , for all x, y ∈ C and for all n ≥ 1.
Let F (T ) denote the set of all fixed points of a mapping T . If F (T ) = ∅, then T is called asymptotically quasi-nonexpansive if there exists a sequence {k n } ⊂ [0, ∞) with lim n→∞ k n = 0 such that T n x − p ≤ (1 + k n ) x − p , for all x ∈ C, p ∈ F (T ) and n ≥ 1.
Clearly, an asymptotically nonexpansive mapping must be asymptotically quasi-nonexpansive as well as uniformly L-Lipschitzian with the uniform Lipschitz constant L = sup{1 + k n : n ≥ 1}, but the converse is not always true.
In 1995, Lui [8] introduced the concept of Ishikawa iteration process with errors by the sequence {x n } ∞ n=1 defined as follows: x 1 ∈ X x n+1 = (1 − α n )x n + α n T y n + u n , n = 1, 2, . . . (1.1) y n = (1 − β n )x n + β n T x n + v n where {α n } and {β n } are two sequences in [0,1] and {u n } and {v n } are bounded sequences in E satisfying the following conditions
If β n = 0, n ≥ 0 and v n = 0, n ≥ 0 then the Ishikawa iteration process with errors (1.1) reduces to the Mann iteration procedure with errors in the sense of Liu which is defined recursively as follows
with {α n } ⊂ [0, 1] satisfying appropriate conditions and {u n } satisfying condition (1.2).
The Ishikawa iteration process with errors (1.1) with null sequences {u n } and {v n } clearly reduces to the usual Ishikawa iteration procedure and similarly the Mann iteration procedure with errors (1.4) with a null sequence {u n } reduces to the usual Mann iteration procedure.
A more satisfactory concept of Ishikawa and Mann iterative processes with errors was given by Y. G. Xu [15] as follows:
Let C be a nonempty convex subset of a Banach space E and T : C → C a mapping. The sequence {x n } ∞ n=1 defined iteratively by x 1 ∈ C x n+1 = α n x n + β n T y n + γ n u n , n ≥ 1 (1.5) y n =ά n x n +β n T x n +γ n v n where {u n } and {v n } are bounded sequences in C and {α n }, {β n }, {γ n }, {ά n }, {β n } and {γ n } are sequences in [0,1] such that α n + β n + γ n =ά n + β n +γ n = 1, n ≥ 1 is called the Ishikawa iteration sequence with errors. If α n = 1, n ≥ 1 then the Ishikawa iteration with errors (1.5) reduces to the Mann iteration with errors defined by the following scheme
with 0 ≤ α n , β n , γ n ≤ 1, α n + β n + γ n = 1, n ≥ 1 and bounded sequences {u n } ⊂ C in C.
In 2004, H. Fukhar-ud-din and S. H. Khan [2] studied an iterative process with errors in the sense of Liu for two asymptotically nonexpansive mappings in a uniformly convex Banach space.
In 2006, J. U. Jeong and S. H. Kim [5] studied the Ishikawa iterative scheme with error members for a pair of asymptotically nonexpansive mappings S, T defined as follows:
where {a n }, {b n } ,{c n }, {á n }, {b n } and {ć n } are sequences in [0,1] with 0 < δ ≤ a n ,á n ≤ (1 − δ) < 1, a n + b n + c n =á n +b n +ć n = 1 and {u n } and {v n } are bounded sequences in C.
Recently, H. Fukhar-ud-din and S. H. Khan [3] studied the iterative scheme (1.7) for two asymptotically quasi-nonexpansive mappings in real Banach spaces.
Motivated and inspired by the previous studies, we introduce a new three-step iterative scheme {x n } ∞ n=1 associated with three asymptotically quasi-nonexpasnsive mappings S, T, R : C → C as follows:
where {α n }, {β n }, {γ n }, {λ n }, {µ n }, {ν n }, {ξ n }, {η n } and {ζ n } are sequences in [0,1] such that α n +β n +γ n = 1, λ n +µ n +ν n = 1, ξ n +η n +ζ n = 1, n ≥ 1 and {u n }, {v n } and {w n } are bounded sequences in C. If S, T and R are asymptotically nonexpansive mappings such that S = T = R, then the iterative procedure (1.8) reduces to the one introduced by Cho and Zhou [1] . If S, T and R are asymptotically nonexpansive mappings, S = T = R and u n = v n = w n = 0, n ≥ 1, then scheme (1.8) reduces to the three-step iteration defined by Xu and Noor [16] .
In this paper, we prove weak and strong convergence of the procedure (1.8) to a common fixed point of S,T and R under certain restrictions. Our results generalize and improve upon the corresponding results in [1] , [2] , [3] , [4] , [5] , [6] , [7] , [9] , [13] and [16] .
In the sequal, we need of the following definitions and lemmas. A mapping T : C → C with F (T ) = ∅ is said to satisfy condition (A) (see [12] ) if there exists a nondecreasing function f :
for all x ∈ C, where
Khan and Fukhar ud-din [7] modified condition (A) for two mappings as follows: Two mappings S, T : C → C are said to satify condition (Á) if there exists a nondecreasing function f :
Note that condition (A ′ ) reduces to condition (A) when S = T . We modify the latter for three mappings S, T, R : C → C as follows: Three mappings S, T, R : C → C are said to satisfy condition (A ′′ ) if there exists a nondecreasing function f :
Remark 1.1. If R = I or R = S or R = T then condition (A ′′ ) obviously reduces to condition (A ′ ) introduced by Khan and Fukhar ud-din [3] which makes condition (A ′′ ) more general than condition (A ′ ).
The following lemmas are useful in proving our main results.
. Let X be a uniformly convex Banach space, 0 < α ≤ t n ≤ β < 1, and {x n } and {y n } be two sequences in X such that lim sup n→∞ x n ≤ l, lim sup n→∞ y n ≤ l and lim n→∞ t n x n +(1−t n )y n = l for some l ≥ 0. Then lim n→∞ x n − y n = 0 .
Lemma 1.2 ([14]
). Let {ω n }, {ρ n }, and {σ n } be sequences of nonnegative real numbers satisfying the inequality
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Main results
Throughout this paper, F will denote the set of common fixed points of S, T and R, i.e, F = F (S) ∩ F (T ) ∩ F (R). We begin with giving the following proposition.
Proposition 2.1. If C is a nonempty convex subset of a real uniformly convex Banach space E and S, T, R : C → C are asymptotically quasinonexpansive mappings with sequences {l n }, {l
2. Let C be a nonempty convex subset of a normed space E. Let S, T, R : C → C be asymptotically quasi-nonexpansive mappings such that for all x ∈ C, p ∈ F and for all n ≥ 1
Let {x n } be the sequence defined in (1.8) with ∞ n=1 γ n < ∞ , ∞ n=1 ν n < ∞ and ∞ n=1 ζ n < ∞. If F = ∅ then lim n→∞ x n − p exists for all p ∈ F . P r o o f. By Proposition 2.1, there exists a sequence {k n } ∞ n=1 in [0, ∞) with ∞ n=1 k n < ∞ such that for all x ∈ C, p ∈ F and all n ≥ 1
Since {u n } ∞ n=1 , {v n } ∞ n=1 and {w n } ∞ n=1 are bounded sequences in C then there exists, 0 < M < ∞, such that
Now, for any p ∈ F we have
Since {k n } is a bounded sequence, then there exists h > 0 such that k n ≤ h, n ≥ 1. Therefore,
Using that
k n < ∞ and applying Lemma 1.2, we deduce that lim n→∞ x n+1 − p exists for all p ∈ F . Lemma 2.3. Let C be a nonempty convex subset of a normed space E. Let S, T, R : C → C be uniformly L-Lipschitzian. Let {x n } be the iterative sequence defined in (1.8) with
We have
Hence, we get
We can similarly show that
Since {u n }, {v n }, {w n } and {x n } are bounded sequences in C then there exists a positive real numberḾ such that
Now, we have
Hence, we obtain
Since lim n→∞ γ n = lim n→∞ ν n = lim n→∞ ζ n = 0, then it follows from (2.5) that lim n→∞ x n − x n−1 = 0 whenever lim n→∞ a n = lim n→∞ b n = lim n→∞ c n = 0. Using this by inequalities (2.2), (2.3) and (2.4) we conclude that
Lemma 2.4. Let C be a nonempty convex subset of a uniformly convex Banach space E. Let S, T, R : C → C be uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings. Let {x n } be the iterative sequence defined in (1.8) with 
This implies
Since lim n→∞ k n = 0, 
and since S is asymptotically nonexpansive, we have
Hence, in view of (2.6), we obtain lim sup n→∞ S n y n − p + β n (u n − x n ) ≤ c. Furthermore, we have x n − p + γ n (u n − x n ) ≤ x n − p + γ n u n − x n ≤ x n − p + γ n M ′ , which implies lim sup n→∞ x n − p + γ n (u n − x n ) ≤ c. (2.8) Applying Lemma 1.1, in virtue of (2.7), (2.8) and (2.9), we obtain lim n→∞ S n y n − x n = 0. (2.9) Now, we have x n − p ≤ x n − S n y n + S n y n − p ≤ x n − S n y n + (1 + k n ) y n − p .
Hence, taking lim inf and using (2.10), we get 
